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I INTRODUCTION TO THE CO06 CHAPTER OF THE NAG ALGOL 68 LIBRARY
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1. Scope of the Chapter

Provided are implementations related to

(1.1) s(t) = ) £ (t)
k=1

with t a parameter and 1l,u either finite or infinite.

2. Background of the Problems

The summation problems are distinguished according to the structure of

the terms fk(t).




2.1 Types of summation problems

As a particular case of (1.1) we have
(2.1) fk(t) = a, ¢k(t)

with a the coefficient vector of the series expansion of s with respect
to the basis functions {¢k}.

A variety of implementations have emerged according to the available
information and desired results.

Examples of {¢k} are:

. polynomials (see chapter E02 of the NAG library);

. trigonometric functions (this chapter);

. B-splines (see chapter E02 of the NAG library).

With the vector a we mean (...a_n,a_n+1,...,a_l,ao,al,...,an_l,an,...)

finite part of it.

2.1.1 Summation of trigonometric functions

Within this context relation (1.1) reads

u .
(2.2) s(t) = ) o, eXt

The implementations given consider finite special cases of (2.2):
. evaluation of s for one argument (dyadic operators);

. evaluation of s for equidistant arguments (monadic operators).

2.1.2 General summation

So far no implementations are provided; in the ALGOL 68 report the

routine EULER is given.

2.2 Accuracy

An implementation is generally used on samples in a digital computer, w
its intrinsic limitations, whereas we are thinking in abstractions. The
difference herein is covered by the accuracy concept, which may be sub-
divided into the error effects:

. residual or truncation error, i.e. the discrepancy between the sample

information and the theoretical information of our problem;




pagated error, i.e. the effect of perturbations;

erated or rounding error, i.e. the effect of finite precision
thmetic.
der to grasp these errors we use the concepts of the condition of a
em (section 2.2.1) and the growth of an algorithm (section 2.2.2).
ch documentation unit bounds for the propagated and generated errors
iven in terms of the condition and growth. Apart from the residual

a first order bound for the total error is the sum of the

ated errors.

le.

the table

Formula Propagated error Generated error
EXPSUM a "égﬂz / max (1//h,"§ﬂ2) g, * small real

27ikj/n
x © 7,

| o~

tain for the error bound of {SJCj =
k=0

j=20,1,...,n-1}

I ¢ - co6expsum a |

< propagated error + generated error.
max (1,"c"2)

Condition of a problem

der a problem T, which transforms data a into b, then the first order
t of the perturbation Aa of a is governed by
Ab= Z iri Aa.l
T da. J
J J
ghted sum of the perturbations in the data.

nplification or condition of the problem can be defined by

labl  Naal

cC=—

Ipl ~ Tal

choose the 2-norm then we obtain for the Discrete Fourier Transform




c=1.

.2.2 Growth of an algorithm

enerally a process T in finite precision arithmetic is thought of as a
rocess in exact arithmetic with perturbated parameters, Aa. A bound for
hese perturbations can be obtained by backward error analysis; the
actors involved are the so-called growth and the machine precision, €.
n other words, consider a process P for the above problem T in finite

recision arithmetic, then there exists a égj such that

P(a) = f1(T(a)) = T(at+ha);

ith the growth function, g, defined by

I
I_Aill :g* €.

Iall

.3 Data representation

afinitions:

. a vector is called a periodic n-vector if ak = ak+n' for all intege
k; 7

. a vector is called a real periodic n-vector if (o) and the elements
are real;

.£. a vector is called a symmetric real periodic n-vector if (r) and
a = a .o for all integer k;

.a. a vector is called an anti-symmetric real periodic n-vector if

(r) and ak = —an—k'

. a vector is called a complex periodic n-vector if (o) and the eleme

for all integer k;

are complex ;
.h. a vector is called a Hermitian complex periodic n-vector if (c¢) and
a, = a
k n-k’
.a. a vector is called an anti-Hermitian complex periodic n-vector if

for all integer k;

(¢) and ak = _an—k'

1 the operators related to the DFT we will consider the significant

for all integer k,

art of a periodic n-vector; in the same way we will talk about a




tric, an anti-symmetric, a Hermitian or an anti-Hermitian vector. We
he notation:

r either a real or complex vector;

r a real vector;

r a complex vector.

ata representation of an element ay of a periodic n-vector is the

r a[LwB a + k MOD n], with LWB a a parameter free for choice.

urier Analysis and Synthesis

ile definition of DFT and IDFT and related terminology we adhere to [6].
mplicity we restrict ourselves to periodic functions on [0,T), and
iometric functions as basis functions.

1 this context relation (1.1) reads

oo

2mi T
s(t) = Z e mikt/ , t e [0,T)
k
k:-oo
the so-called Fourier coefficients
T
1 -27i
Uk = E‘[ s(t) e Flkt/T dt, k= ..., n,...,0,...,n,...

0
09].

relation (3.1) we considered two summation problems:

rier analysis: given s obtain {ok};

rier synthesis: given {ck} obtain s.

iety of implementations may result according to the actual information

and delivered.

ourier analysis

ally only equidistant samples {s(2mk/n| k=0,1,...,n-1} are available
he first {ok! k=0,1,...,n-1} are desired.

K can be approximated by using attenuation factors Tk as follows
n-1 ks
o! =t * ) s(2mj/n) W.°, k=0,1,...,n-1
k k 5=0 n




th

Wij = exp(2mikj/n)
\d where the bar denotes complex conjugation and the prime the
jproximated value. The second factor of (3.2) apart from a factor is known
i the Discrete Fourier Transform (DFT), [10;573].

¥ T, we may use a variety of possibilities, e.g.

k
Tk used information
1 s(2rk/n), k=0,1,...,n-1.

sin mwk/n 2 s(2rk/n), k =0,1,...,n-1, and function between samples

)
mk/n is linear; cﬁ are the Fourier coefficients of the linear

interpolated samples.

r more information about the attenuation factors, see [4].

marks
The DFT can be handled by the monadic operators CO6EXPSUM etc.

The values of sin(21k/n), k = 0,1,...,n-1, can be obtained in

s[0:n-1] by the call of the technical routine CO6SINTWI as follows
CO6SINTWI (n,s).

2 Fourier synthesis

nerally the first {okl k=0,1,...,n-1} and either one argument t or n
uidistant arguments {tk|tk = kT/n, k=0,1,...,n-1} are available while
t) or {s(tk)} are desired.
is reduces to the problems:

the evaluation of a trigonometric sum

z o eZTlet/T




. the IDFT (the Inverse Discrete Fourier Transform)

n-1 K4
L oo, Wl 3=0,1,...n1.

k=0 k

3.3 Applications

A collection of papers on the application of the DFT within the context

of digital signal proceésing is given in [9,10]; with respect to timé
series analysis a concise survey of the backgrounds and a discussion of

the application of the DFT to the calculation of sample covariance and
‘ross—-covariance functions, to the estimation of variance spectra and
cross-spectra and very briefly to the implementation of moving average
digital filters is given in [3]. In [6] the DFT is discussed and the
following computational problems in (mainly) complex analysis where it

can be fruitfully applied, are suggested: calculation of Fourier coefficients
iasing attenuation factors; solution of Symm's integral equation in conformal
napping; trigonometric interpolation; determination of conjugate periodic
functions and their application to Theodorsen's integral equation for

the conformal mapping of simply and of doubly connected regions;
letermination of Laurent's coefficients with applications to numerical
lifferentiation; generating functions and the numerical inversion of

saplace transforms; determinafion of the density of the zeros of high

ljegree polynomials; convolution and its application to time series

analysis, to the multiplication of polynomials and of large integers,

ind to fast Poisson solvers; manipulation of power series.

\s an example we consider the evaluation of

& (w) = f s(t)e 2Tibtge

‘or the samples {¢(3/T)| j=0,%1,+2,.... }

:he above integral reduces to
T
'3.3) 9(3/T) = J sp(t)e_2“13t/Tdt.

0




periodic alias function

[ee]

s (t) = z s (t+kT)
b k=—c

free parameter. The integrals (3.3) can be evaluated by (3.2).

is generally approximated by s(t), t € [-T/2,T/2] with T such
he integration beyond [-T/2,T/2] is negligible.
andlimited functions we know already that ®(w) = 0 for

Q.

‘esults in

-Q <3/T < Q, 3=0,*1,...,*(n-1)

» = nAt and At the sampling distance.
1 given At < 1/(2Q) we can choose either the size n of the DFT or
s behaviour of s and the desired accuracy of the approximation of

:ermines the total number of samples.

.ementation survey

moment only operators related to Fourier analysis and Fourier
s are available. These are grouped in four problem sets:

tion of IDFT (monadic CO6EXPSUM etc.) :

j = Orll---ln"‘l;

v 2mikj/n
Z ake ’

ition of exponential sums (dyadic COG6EXPSUM etc.):

£f(6,a) = zk, z = el@;

)
a
- k=0 ©

tion of Discrete Harmonic Analysis (DHA) and Discrete Harmonic

'sis (DHS) (monadic CO6TRGSUM etc.):




f,. = z a, cos mkj/m + b. sin mkj/m, 3j=0,1,...,n-1
k=0 I ]
1 the problems are characterized by

obtain f from a and b

: obtain a and b from f;

.uation of trigonometric sums (dyadic CO6TRGSUM etc.):

m
£(6,a,b) = ) a_cos k6 + b_ sin k6.
=27 L Tk 13

)roblem set gives rise to a number of operators according to
.ype and symmetries in the data: each problem set, and the
.s of the involved operators, is separately described in a dc

init.
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II. DOCUMENTATION AND SOURCE TEXTS OF THE OPERATORS

II.1 CO6EXPSUM, CO6EXPSUMHRM, CO6EXPSUMANH.

1. Purpose

The monadic operators
CO6EXPSUM, CO6EXPSUMHRM, CO6EXPSUMANH

waluate the Inverse Discrete Fourier Transform (IDFT) of a real or

rector. Advantage has been taken of symmetry in the data in

CO6EXPSUMHRM - data vector is Hermitian symmetric -

CO6EXPSUMANH - data vector is skew-Hermitian symmetric.

IMPORTANT :

2. Specification (Algol 68)

MODE SCAL = REAL, COSCAL = COMPL;

MODE VEC = RErFl[ ] scar,
COVEC = RerFl[ ] coscar;

OP CO6EXPSUM (VEC r) COVEC':

]

OP CO6EXPSUM

(COVEC c) COVEC:

OP CO6EXPSUMHRM (VEC r) VEC

OP CO6EXPSUMHPM = (COVEC ¢) VEC :

OP CO6EXPSUMANH (VEC r) VEC :

]

OP CO6EXPSUMANH (COVEC ¢c) VEC :

}. Description

he operators calculate

n-1 ey
2 e2ﬂ1kj/n,

k=0

3=0,1...,n-1

rith a a real or complex vector. Used is the Cooley-Sande-Stockham

comp.

tllgorithm; the auxiliary twiddle-factors are calculated by an extension

f the Hopgood-Litherland algorithm.

:« References

lee chapter introduction [1,2,7]




Parameters

neral:

n is the size of an array; for n is even we use m to denote n/2.

The lower bound of the result equals the lower bound of the operand .

Only the size of the operands matters: the k-th element of a vector

a is assumed to be alZLWB a + k1, so the lower bound of the data

representation of the vector does not matter and is free for choice.

The operands are not preserved.

Formula

Operand

Result

'06EXPSUM a

'06EXPSUMHRM r

'06EXPSUMHRM c

'06EXPSUMANH r

'06EXPSUMANH c

a real or complex array
variable with n elements.

a real array variable with
m+1 elements: the first
elements of a symmetric
n-vector, with n=2*m.

a complex array variable
with m+l1 elements: the
first elements of a
Hermitian n-vector, with
n=2%m, '

a real array variable with
m+1 elements: the first
elements of an anti-
symmetric n-vector (the
first and last element
must contain zero), with
n=2*m.

a complex array variable
with m+1 elements: the
first elements of a skew-
Hermitian n-vector (the
real parts of the first
and last element must
contain zero), with n=2%m.

a complex array variable
with n elements.

a real array variable with
m+1 elements: the first
elements of the resulting
symmetric n-vector.

a real array variable with
n elements.

a real array variable with
m+1 elements: the first
elements of the imaginary
part of the resulting
complex Hermitian n-vector
with zero real part. (The
first and last element
contain zero).

a real array variable with
n elements: the imaginary
part of the resulting
complex vector with zero
real part.

Error indicators

1 the event of an error condition being detected, the error routine:

)J6fail of mode REF NAGFAIL, is called with the parameters listed below.

lese are printed and in case the value of c0O6fail is nagsoft the
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tion is continued (see in Introduction of the NAG manual the document
> ALGOL 68 error mechanism). The operators were designed with nagsoft

2 user-friendly error-handling mechanism in mind.

ater message

OPERAND OF <operator name> OF WRONG SIZE

The given array is of too small size, so the IDFT is

an empty sum; the result yielded is the operand.

OPERAND OF <operator name> NOT <symmetry kind>

The given part of the symmetric array is not of the
symmetry kind expected by the operator, because of
the symmetry and periodicity; the calculation is
performed with an operand adapted to the operator,

by setting elements to zero where appropriate.

kiliary routines

sed NAG library operators - all with a complex operand - are given

> following table.

mula Used NAG library operators| Used Torrix operators/
generators
'PSUM r none gencoarrayl, widen, conj
'PSUM c none none
'PSUMHRM r m is odd: COGEXPSUM genarrayl, gencoarrayl, widen, conj
m is even: CO6EXPSUMHRM genarray 1, gencoarrayl, widen, conj
'PSUMHRM c none genarrayl, gencoarrayl, widen, conj
'PSUMANH r m is odd: CO6EXPSUM genarrayl, gencoarrayl, widen, conj
m is even: CO6EXPSUMHRM genarrayl, gencoarrayl, widen
"PSUMANH c CO6EXPSUMHRM genarrayl, -, *<, widen
ming

ime taken is proportional to p*n, where p is the sum of the prime

rs of n.




. Storage

ne storage required by internally declared arrays is given in the

bllowing table.

Formula Specification Internally declared arrays
situation
CO6EXPSUM r n is even n+n+2+1 complex elements.
n is odd n elements.
CO6EXPSUM c none.
CO6EXPSUMHRM r m is even m*2+1 real and complex elements.
m is odd m:2+1 real and m complex elements.
CO6EXPSUMHRM ¢ n real and m+2+1 complex elements.
CO6EXPSUMANH r m is even m*2+1 real and comnlex elements.
m is odd m+1 real and m*2+1 complex elements.
COGEXPSUMANH ¢ none. J‘

0. Accuracy

et us denote by:

a : the coefficient vector;
a : the machine representation of the (measured) aj
Aa :a- a; .
— ' 2 1.5
95 : the growth factor of order ~ Z P,
i=1

with n = P (given implicitly in [8]).

(=10

rror bounds (first order)

Formula Propagated error Generated error

CO6EXPSUM a "égﬂz/max(l//ﬁ, "Eﬂz) g * small real

'he bounds for CO6EXPSUMHRM, and CO6EXPSUMANH are similar.




urther comments

‘elated problems - the DFT apart from a factor 1/n -
n-1 .o
2 ak e—2n1 kj/n
k=0

be obtained as follows, where the parameters are prescribed as in

meters.
Operand Formula
complex n~vector CONJ CO6EXPSUM CONJ c
Hermitian n-vector CO6EXPSUMHRM CONJ c
skew-Hermitian n-vector - CO6EXPSUMANH CONJ c
real n-vector CONJ CO6EXPSUM r
symmetric real n-vector CO6EXPSUMHRM r
anti-symmetric real n-vector - CO6EXPSUMANH r
Reywords

rete Fourier Transform.
Fourier Transform.

ay-Sande-Stockham algorithm.

ixamples

XPSUM

Program text.

[N'

5 AN ILLUSTRATION OF THE USE OF 'COG6EXPSUM'

i1IS PROGRAM CALCULATES APPROXIMATELY THE IDFT OF:
A COMPLEX VECTOR;

A REAL VECTOR.

ZOVEC'C=GENCOVEC (2) :=(1.0'1'2.0,3.0'1'4.0);
RITEF(($28A,2(L,16A,2(L,-D.DDQI-D.DD))$,
"'CO6EXPSUM' EXAMPLE PROGRAM.",
"COMPLEX OPERAND:",
c,
"COMPLEX RESULT:",
'CO6EXPSUM'C) ) ;




'VEC ' R=GENVEC (4) :=(1.0,0.0,3.0,4.0) ;
WRITEF ( ($2L,13A,4(0-D.DD) ,L,15A,4(L,-D.DDQI-D.DD)$,
"REAIL. OPERAND:",
R,
"COMPLEX RESULT:",
"CO6EXPSUM'R) )

'ND' #OF 'COGEXPSUM' EXAMPLE PROGRAMf

}.2 Data for program. None.

3.3 Results.

J06EXPSUM' EXAMPLE PROGRAM.

ODMPLEX OPERAND:
1.00 T 2,00
3.00 T 4.00
OMPLEX RESULT:
4.00 T 6.00
2.00 1-2.00

EAL OPERAND: 1.00 0.00 3.00 4.00
OMPLEX RESULT:

8.00 T 0.00

2.00 1-4.00

0.00 1 0.00

2.00 T 4.00

O6EXPSUMHRM

3.1 Program text.

BEGIN'
#

AS AN ILLUSTRATION OF THE USE OF 'COGEXPSUMHRM' THIS PROGRAM
CALCULATES APPROXIMATELY THE IDFT OF:
- A COMPLEX HERMITIAN VECTOR;
- A REAL SYMMETRIC VECTOR.
#
'COVEC'C=GENCOVEC(3):=(I.0'I'0.0,0.0'I'1.0,2.0'1'0.0);
WRITEF(($31A,L,54A,3(L,—D.DDQI—D.DD),L,22A,4(Q—D.DDQ)$,
"1 COGEXPSUMHRM' EXAMPLE PROGRAM.",
"STGNIFICANT PART OF COMPLEX HERMITIAN VECTOR ON INPUT:",
C,
"REAL VECTOR DELIVERED:",
'CO6EXPSUMHRM'C) ) ;




VEC'R=GENVEC (3) :=(1.0,2.0,3.0);
RITEF(($2L,51A,3(Q-D.DD),L,42A,3(Q-D.DD) $,
"SIGNIFICANT PART OF REAL SYMMETRIC VECTOR ON I
R,
"SIGNIFICANT PART OF REAL SYMMETRIC RESULT:",
'CO6EXPSUMHRM'R) )

END' #OF 'CO6EXPSUMHRM' EXAMPLE PROGRAM#

Data for program. None.

Results.

EXPSUMHRM' EXAMPLE PROGRAM.

IFICANT PART OF COMPLEX HERMITIAN VECTOR ON INPUT:
J I 0.00

J I 1.00

9 I 0.00

VECTOR DELIVERED: 3.00 -3.00 3.00 1.00

[FICANT PART OF REAL SYMMETRIC VECTOR ON INPUT: 1.00 2
[FICANT PART OF REAL SYMMETRIC RESULT: 8.00 -2.00 0.00

{PSUMANH

Program text.
N

i AN ILLUSTRATION OF THE USE OF 'CO6EXPSUMANH' THIS PRC
\LCULATES APPROXIMATELY THE IDFT OF:
A COMPLEX ANTI-HERMITIAN VECTOR;

A REAL ANTI-SYMMETRIC VECTOR.

fOVEC'C=GENCOVEC(3):=(0.0'I'3.0,0.0'I'1.0,0.0'1'2.0);
LITEF(($31A,L,59A,3(L,—D.DDQI—D.DD),L,25A,4(Q—D.DD)$,
" 'CO6EXPSUMANH' EXAMPLE PROGRAM. ",
"SIGNIFICANT PART OF COMPLEX ANTI-HERMITIAN VECT
c,
"DELIVERED IMAGINARY PART:",
'CO6EXPSUMANH'C) ) ;

R=GENVEC(3) :=(0.0,2.0,0.0) ;
F(($2L,56A,3(Q-D.DD) ,L,37A,3(0-D.DD) §,

"SIGNIFICANT PART OF REAL ANTI-SYMMETRIC VECTOR ON
R,

"SIGNIFICANT PART OF IMAGINARY RESULT:",
'CO6EXPSUMANH'R) )

#OF 'COGEXPSUMANH' EXAMPLE PROGRAM#

Data for program. None.




}.3 Results.

06EXPSUMANH' EXAMPLE PROGRAM.

:GNIFICANT PART OF COMPLEX ANTI-HERMITIAN VECTOR ON INPUT:
).00 T 3.00

).00 T 1.00

).00 I 2.00

"LIVERED IMAGINARY PART: 7.00 1.00 3.00 1.00

[GNIFICANT PART OF REAL ANTI-SYMMETRIC VECTOR ON INPUT: 0.00 2.00 0.00
[GNIFICANT PART OF IMAGINARY RESULT: 0.00 4.00 0.00

1. Source texts

P COG6EXPSUM =( COVEC c) COVEC :
purpose: approximately calculated is

n—-1
sum w[ j,k]xc[k+ LWB c], j=0,1, ... ,n-1
k=0
with n= SIZE c,w[j,k]=exp(0 I jxkx2xpi/n),
nput: see above formula. c is not preserved.
‘esults: the idft of ¢ is delivered
with bounds similar to those of c.
.ception handling:if SIZE c<1 then c is delivered and c06fail is
called.¥#

F INT n= SIZE c;mdl
'HEN cO6fft(c[ AT 0]);c
LSE c06fail(l,"expsumoperand of CO6EXPSUM of wrong size”);c

T,




CO6EXPSUM =( VEC r) COVEC

urpose: approximately calculated is
n-1
sum w[ j,k]xr[{k+ LWP r}, j=0,1, ... ,n-1
k=0

with n= SIZE r, w[j,k]=exp(0 I 2xpixjxk/n).
put: see above formula. r is not preserved.
sults: the idft of (real) r with similar bounds as
eption bhandling:if SIZE r<l then r, widened to a COVEC , i
delivered and cO06fail is called.#

INT n= SIZE r;n>0
EN 1INT 1= LWEP r,u= UPB r;
IF ODD n
THEN COVEC xv= WIDEN r[ AT 0];
cO6fft(xy);
INT uu:=n-1;
FOR 11 WHILE 11<uu
DO REF COSCAL xyl=xy[11] ,xyu=xy[uu];
COSCAL rs=(xyl+ CONJ xyu)/ WIDEN 2;
(xyl:=rs,xyu:= CONJ rs);
uu-:=1
oD
xy[ AT 1]
ELSE INT n2=n OVER 2,n4=n OVER 4, INT j:=-1;
COVEC xy=gencoarrayl(0,n-1);
FOR 1 FROM 1 RY 2 TO u-1
DO xy[ jt:=1]}:=r[i] I r[i+l] OD ;
cO6fft(xy[0:n2-1 AT 0]);
BEGIN SCAL normdiv2= WIDEN 1/ WIDEN 2;

COVEC wn=gencoarrayl(0,n4);
c06initw(n,wn);
FOR i TO n4
DO REF COSCAL s=xy[i],t=xy[n2-i],
COSCAL wni=wn[i];
COSCAL p=(s+ CONJ t)xnormdiv2,
g=(s= CONJ t)x(im OF wni I -re OF wni)xnormdiv2;
(s:=ptq,t:= CONJ (p=q))
oD
( SCAL s=re OF xy[O],t=im OF xy[0];
(xy[0]:= WIDEN (s+t),xy[n2]:= WIDEN ( s-t)))
END ;
INT uu:=n-1;
FOR 11 WHILE 11<uu
DO xy[uu]:= CONJ xy[1l1l];uu-:=1 OD ;
xy[ AT 1]
FI
.SE c06fail(l,"expsumoperand of CO6EXPSUM of wrong size");
WIDEN r

]




CO6EXPSUMHRM =( COVEC c) VEC

rpose:

ut:

ults:

approximately calculated is

n-1
sum w[ j,k]lxc[ LWR ctk],
k=0

§=0,1, ..

with n=n2x2, the size of the comp
vector ¢, (i.e. c[ LWB ctk]= CONJ
k=1,2, ... , n=1) and w[j,k]=exp(
c[ LWB c: LWB ctn2] is assumed to
c is not preserved. for odd n use
the idft of c is a real vector an
as a VEC with the lower bound s
¢ and with LWB ctn-1 as upper bo

ption handling:if the first or last element of t

INT 1= LWB c,u= UPB c;

nonzero imaginairy parts (so the
is not hermitian symmetric) then
done with these parts put to zero
called. if n{2 then a VEC with
LWB ctn-1 is delivered and cO6fai

INT n2=u-1; INT n=n2x2;n

N IF SCAL zero= WIDEN O;
im OF c[1l]=zero AND im OF c[u]=Zzero
THEN INT n4=n2 OVER 2;

COVEC czer=c[1l:1+n2-1 AT 0O];
COVEC wn=gencoarrayl(0,n4);
cO6initw(n,wn);
czer[0]:=( SCAL cO=re OF czer[O],cn2=re OF c|
(cO+cn2) T (cO=-cn2));
FOR k TO n4
DO REF COSCAL ck=czer[k],cn2k=czer[n2-k];
COSCAL s= ck+ CONJ cn2k,
t=(ck= CONJ cn2k)xwn[k]x(0 I 1);
(ck:=s+t,cn2k:= CONJ (s-t))
oD ;
cO6fft(czer);
VEC result=genarrayl(0,n-1);
INT j:=-1;
FOR k BY 2 TO n~-1
DO result[k=1]:=re OF czer[ j+:=1];
result[k J:=im OF czer| j]
oD ;
result[ AT 1]

ELSE c06fail(2,"exphrmoperand of CO6EXPSUMHRM

FI

im OF ¢[1l]:=im OF c[u]:=zero; CO6EXPSUMHRM c

'E cO06fail(l,"exphrmoperand of CO6EXPSUMHRM of
genarrayl(1,1+n-1)

ermitian
B ctn-k],
pixjxk/n).
pplied.
XPSUM .
elivered

to that of

‘en ¢ have
te vector
lculation is
06fail is
LWB ¢ and
alled.#

scrmitian”);

size");




CO6EXPSUMHRM =( VEC r) VEC :

‘pose: approximately calculated is
n-1
sum w[ j,k]xr[ LWB r+k], j=0,1, ... ,n-1
k=0

with n=n2x2, the size of the complete symmetric
vector r, (i.e. r[ LWB r+k]=r[ LWB r+n-k],
k=1,2, ... ,n=1) and w[j,k]=exp(0 I 2xpixjxk/n).

t: r[ LWB r: LWB r+n2] is assumed to be supplied.
r is not preserved. for odd n use COGEXPSUM .
1ts: the dft of r is again real and symmetric, so only

the first n2+l1 elements are delivered with bounds
similar to those of r.

tion handling:if n<2 then c06fail is called and the original
vector is delivered.#

INT n2= SIZF r-1;n2>0
SCAL oddsum:= WIDEN 0, VEC rzer=r[ AT 0];
OR k BY 2 TO n2-1
) oddsumt:=2xrzer[k] OD ;
F ODD n2
1EN oddsumt+:=rzer[n2];
COVEC c=gencoarrayl(0,n2-1);
INT j:=0;c[0]:= WIDFN rzer[0];
FOR k FROM 2 BY 2 TO n2
DO COSCAL cs=c[ jt+:=1]:=rzer[k] I (rzer[k+l]-rzer[k-1]);
c[n2-j]:= CONJ cs
oD
rzer[0O:n2-1 AT O]:=re OF ( CO6EXPSUM c)
.SE INT n4=n2 OVER 2; COVEC c=gencoarrayl(0,n4);
INT j:=0;c[0O]:= WIDEN rzer[O];
FOR k FROM 2 BY 2 TO n2-2
DO c[ +:=1]:=rzer[k] I (rzer[k+l]-rzer[k-1]) OD ;
c[n4]:= WIDEN rzer[n2];
rzer[0:n2-1 AT O]:= CO6EXPSUMHRM c
bl
‘AL evensum=rzer[0];
‘'zer[0]+:=oddsum,rzer[n2):=evensumoddsum);
IT m=n2 OVER 2;
.C sintwi=genarrayl(O,m);
6sintwi(2xn2,sintwi);
T uu:=n2;
‘AL two= WIDEN 2;
R k TO m
) REF SCAL s=rzer[k],t=rzer[uu-:=1];
SCAL sk=st+t,tk=(s-t)/(twoxsintwi[k]);
(s:=(sk+tk)/two,t:=(sk=tk)/two)

b

c06fail(l,"exphrmoperand of CO6EXPSUMHRM of wrong size");r




CO6EXPSUMANH =( COVEC c) VEC :

rpose: approximately calculated is
n-1
sum w[j,k]xe[ LWB ctk], j=0,1, ... ,n-1
k=0 -

with n=n2x2, the size of the complete anti-
hermitian vector c,

(i.e. c[ LWB ctk]=- CONJ c[ LWB ctn-k],
k=1,2, ... ,n~1) and w[j,k]=exp(0 I 2xpix jxk/

ut: c[ LWR c: LWB ctn2] is assumed to be supplied
c is not preserved. for odd n use CO6EXPSUM
ults: the dft of ¢ is a vector with a zero real par

the imaginary part is delivered as a VEC wi

same lower bound as c¢ and with LWE ctn-1 as
bound.
ption handling:if the first or last element of the given c h
non zero real parts (so the complete vector i
anti~hermitian symmetric) then the calculatio
done with these parts put to zero and cO6fail
called. if n<{2 then a VEC with bounds LWB
LWB ctn~1 is delivered and c06fail is called.
INT 1= LWB c,u= UPB c¢; INT n=(u-1)x2;n>l
N IF SCAL zero= WIDEN O;
re OF c[l]=zero AND re OF c[u]=zero
THEN CO6EXPSUMHRM (=cx<(0 I 1))
ILSE c06fail(2, .
"expanhoperand of CO6EXPSUMANH not anti-hermitian");
re OF c[1l]:=re OF c[u]:=zero;
CO6EXPSUMHRM (-cx<(0 I 1))
1
E cO6fail(l,"expanhoperand of CO6EXPSUMANH of wrong size")
zenarrayl(1l,1+n-1)
3
CO6EXPSUMANH =( VEC r) VEC :
pose: approximately calculated is
n-1
sum w[j,k]xr[ LWB r+k], j=0,1, ... ,n-1
k=0
with n=n2x2, the size of the complete anti-
symmetric vector r,
(i.e. r[ LWB r+k]=-r[ LWB r+n-k], k=1,2, ...
and w[j,k]=exp(0 I 2xpixjxk/n).

")




r[ LWB r: LWB r+n2] is assumed to be supplied.
r is not preserved. for odd n use CO6EXPSUM .
the dft of r is a complex hermitian vector with a
zero real part.
only the first n2+1 elements of the imaginary part
are delivered as a vec, with bounds similar to
those of r.
note that the first and the last element of the
delivered vec are zero.

handling:if the first and the last elements of the given r
are not zero then the calculation is done with
these parts put to zero and c06fail is called. if

n<2 then c06fail is called and the original vector
is delivered.#

= LWB r,u= UPB r; INT n2=u-1;n2>0

SCAL zero= WIDEN O;

]=zero AND r[u]=zero
VEC rzer=r[ AT 0]; SCAL two= WIDEN 2;

ODD n2
N COVEC c=gencoarrayl(0,n2-1);
INT j:=0;c¢[0]:= WIDEN (twoxrzer[l]);
FOR k FROM 2 BY 2 TO n2
D0 COSCAL cs=c[j+:=1]:=(rzer[k+l]-rzer[k-1]) I rzer[k];

c[n2-j]:= CONJ cs

D ;
czer[0:n2-1 AT O]:=re OF ( CO6EXPSUM c)
i INT n4=n2 OVER 2; COVEC c=gencoarrayl (0,n4);
[INT j:=0;c[0]:= WIDEN (twoxrzer[l]);

OR k FROM 2 BY 2 TO n2-2

0 c[ j:=1]:=(rzer[k+l]-rzer[k-1]) I rzer[k] OD
>[né]:= WIDEN (-twoxrzer[n2-1]);

rzer[0:n2-1 AT O]:= CO6FEXPSUMHRM c

.
’

m=n2 OVER 2;

sintwi=genarrayl (0,m);
sintwi(2xn2,sintwi);

uu:=n2;

k TO m

REF  SCAL s=rzer[k],t=rzer[uu-:=1];
‘CAL sk=t-s,tk=(t+s)/(twoxsintwi[k]);
s:=(sk+tk)/two,t:=(tk-sk)/two)

'[0):=rzer[n2]:=zero;

c06fail(2,

expanhoperand of CO6EXPSUMANH not anti-symmetric");
:=r[u]:=zero; COG6EXPSUMANH r

i1(1,"expanhoperand in CO6EXPSUMANH of wrong size");r




.2 CO6EXPSUM (dyadic)

. Purpose

1e dyadic operators
CO6EXPSUM

raluate an exponential sum with real or complex coefficients.

fPORTANT:....

Specification (Algol 68)

MODE SCAL = REAL, COSCAL = COMPL;
MODE VEC REfF[ lscar,

REF[ ]1COSCAL;

COVEC

OP CO6EXPSUM (SCAL t, VEC r) COSCAL:

OP CO6EXPSUM

(SCAL t, COVEC c) COSCAL:
8.

PRIO CO6EXPSUM

Description

e operators calculate

f(e, a) = z az , z=e ,

th a a real or complex vector. The problem is reduced to the
" evaluating trigonometric sums - i.e. sine and cosine sums -
msidering the real and imaginary parts. Used is the Clenshaw

th the modifications due to Reinsch.

References

1 OLIVER, J.

problem
by
algorithm

An error analysis of the modified Clenshaw method for evaluating

Chebyshev and Fourier series.

JIMA, vol. 20, 379-391. 1977.

Parameters

meral:
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»th operands are preserved.

le result is a complex constant: the exponential sum.

ly the size of the right operand matters: the k-th element of
vector a is assumed to be represented by alLWB a + k] so the lower

und of the data representation of the vector does not matter and is

ee for choice.

. operand t: the angle 6, a real constant (it is advised to supply a
value within [-m,m)).

t operand : a real or complex array with n+l elements.

rror indicators

he event of an error condition being detected, the error routine:

ail of mode REF NAGFAIL, is called with the parameters listed below.

2 are printed andlin case the value of c06fail is nagsoft the execution
ntinued (see in Introduction of the NAG manual the document on the

4 68 error mechanism). The operators were designed with nagsoft as

1ser-friendly error-handling mechanism in mind.

neter message
VECTOR OPERAND OF CO6EXPSUM OF WRONG SIZE

The size of the given array is smaller than zero; the

result yielded is zero as value for the empty sum.

ixiliary routines None.

iming

:ime taken is proportional to n.

orage No auxiliary arrays are declared.




. Accuracy

t us denote by:

a : the coefficient vector;
) : the angle;
n

c, : the condition number ( kzo max(l,lakf))/max(l,lf(e,
Cq : the condition number ) ‘max(l,lel)%§1/max(1,[f(e
9, : the growth factor (conjectured of order n);
a : the machine representation of (the measured) a;
t :  the machine representation of (the measured) 6;
Sa : vector of componentswise errors:

8a, = Iak - alzwB a + k1|/max(1, Iak|)

for all appropriate k;

86 : |t - o]/max(1, |8]).

-ror bounds (first order)

Formula Propagated error Generated error

: CO6EXPSUM a | c_ Isall  + cg*ae c_*g* small real

.. Further comments None.

). Keywords

¢ponential sum.

lenshaw-Reinsch algorithm.

3. Examples




Program text.
IN'

5 AN ILLUSTRATION OF THE USE OF 'COG6EXPSUM' (DYADIC) T GRAM
ALCULATES APPROXIMATELY

1
JM A[KI*EXP(0'I'K*T)
=1

SCAL' ANGLE=PI/2;
VEC'APOS= (GENVEC (2) :=(0.5,2.0))['aT'01],
ANEG= (GENVEC (2) :=(0.5,2.0))['AaT'0];
RITEF (($28A,L,6A,0-D.DD,L,34A,3(Q-D.DD) ,L,25A,0-D.DDQI ,
"'CO6EXPSUM' EXAMPLE PROGRAM.",
"ANGLE:" ,ANGLE,
"COEFFICIENTS Al-1],a[0] anD a[1]:",
ANEG[ 1],ANEG[0]J+aPOS[0],apos[ 1],
"VALUE OF EXPONENTIAL SUM:",
-ANGLE'CO6EXPSUM ' ANEG+ANGLE ' COGEXPSUM'APOS) ) ;

ZOVEC 'APLS= (GENCOVEC (2) :=(0.5'I'0.25,0.5'I'-0.5)) [ 'aT"’
AMIN= (GENCOVEC(2) :=(0.5'I'0.25,0.5'I'-0.5))['ar"’
RITEF (($2L,6A,Q-D.DD,L,34A,3(L,-D.DDQI-D.DD) ,L, 254,0Q-D D.DD$,
"ANGLE:" ,ANGLE,
"COEFFICIENTS A[-1], alo] anDp a[1]:",
AMIN[1],aMIN[0J+APLS[0],APLS[1],
"VALUE OF EXPONENTIAL SUM:",
—-ANGLE ' CO6EXPSUM" AMIN+ANGLE ' CO6EXPSUM'APLS) )
'#OF 'COG6EXPSUM' EXAMPLE PROGRAM#

Data for program. None.

Results.

IXPSUM' EXAMPLE PROGRAM.

3: 1.57

PICIENTS A[-1], a[0] anp A[1]: 2.00 1.00 2.00
i OF EXPONENTIAL SUM: 1.00 I 0.00

i: 1.57

"ICIENTS A[-1], A[0] anND A[1]:

) I-0.50

) I 0.50

) I-0.50

i OF EXPONENTIAL SUM: 1.00 I 0.50




. Source texts
CO6EXPSUM =( SCAL t, COVEC c) COSCAL :

rpose: approximately calculated is the exponential sum

n
sum c[ LWB ctk]xztk
k=0

with z=exp(0 I t) and n= SIZE c-1l.

ut: left operand: angle t of MODE SCAL ; it is
advised to take t in the interval [=-pi,pi).
right operand: coefficient vector c of MODE
COVEC .

ult: the result of the above, possibly empty, sum of
MODE COSCAL .

eption handling:if n<0 then cO6fail is called and zero
is delivered.#

SIZE c>0 THEN
SCAL sinserr,cosserr,sinseri,cosseri;
(cObser( re OF c,cosserr,sinserr,t),
cObser( im OF c,cosseri,sinseri,t));
(cosserr-sinseri) I (sinserr+cosseri)
E  c06fail(l,"expsumvector operand.of cObexpsum of wrong size");
WIDEN WIDEN O

CO6EXPSUM =( SCAL t, VEC r) COSCAL :

rpose: approximately calculated is the exponential sum

n
sum r[ LWB r+k]xztk
k=0

with z=exp(0 I t) and n= SIZE r-1.

ut: left operand: angle t of MODE SCAL ; it is
advised to take t in the interval [-pi,pi).
right operand: coefficient vector r of MODE
VEC .

ult: the result of the above, possibly empty, sum of
MODE  COSCAL .

eption handling:if n<0 then cO06fail is called and zero
is delivered.#

SIZE r>0 THEN
S5CAL sinser,cosser;
cObser(r,cosser,sinser,t);
cosser I sinser
i c06fail(l,"expsumvector operand of cO6expsum of wrong size");
VIDEN WIDEN O




3 CO6TRGSUM, CO6COSSUM, CO6SINSUM

Purpose

monadic operators
CO6TRGSUM, CO6COSSUM, CO6SINSUM
luate the Discrete Harmonic Analysis (DHA) yiscrete Harn
thesis (DHS).
antage has been taken of zeros in the data
C06COSSUM - sine coefficients are a Discrete C
Transform (DCT))
CO6SINSUM - cosine coefficients ar » (a Discrete

Transform (DST)).

Specification (Algol 68)

MODE SCAL = REAL, COSCAL = COM
MODE VEC

REF[ 1] scar,

COVEC REF[ Jcoscar;

OP CO6TRGSUM

(VEC r) COVEC :

OP CO6TRGSUM (COVEC ab) VEC :

OP C06COSSUM = (VEC a) VEC :
OP CO6SINSUM = (VEC b) VEC :
Description
en the relation
mll
£. = ) (a,*cos(mxk*j/m)+b *sin (m* ), §=0,1,...
J k=0 J

n the problems are characterized by:
DHS: obtain f from g_and b,
DHA: obtain a and b from £,
DCT: obtain f from a; b is zero,

DST: obtain f from b; a is zero.




Jsed is the Cooley-Sande-Stockham algorithm for the DFT because the
ibove relation is equivalent to

1

n- o
aj+ibj = 1/m Z f *eZWlkj/n,

j=0,1,...,m.
k=0 k

1. References

jee chapter introduction: [1,2].

5. Parameters

Seneral:

n is the size of the array of real variables f of even size;
we use m to denote n/2.

. The lower bound of the result equals the lower bound of the operand.

. Only the size of the operands matters: the k-th element of a vector c is
assumed to be represented by c[LWB ¢ + k], so the lower bound of the data
representation of the vector does not matter and is free for choice.

. The operands are not preserved.

The first and last element of b must contain zero.

Formula Operand ' Result
J06TRGSUM f a real array variable with a complex array variable with
n elements: f. m+1 elements: the real part

contains a and the imaginary
part contains b.

J06TRGSUM ab a complex array variable a real array variable with n
with m+1 elements: the real| elements: f.

part contains a and the
imaginary part contains b.

J06COSSUM a a real array variable with a real array variable with
m+l elements: a. m+1 elements: the DCT of the
operand.
J06SINSUM b a real array variable with a real array variable with
m+l elements: b. m+l elements: the DST of the

operand.
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*or indicators

> event of an error condition being detected the error routine:

il of mode REF NAGFAIL, is called with the parameters listed below.
are printed and in case the value of c0O6fail is nagsoft the execution
atinued (see in Introduction of the NAG manual the document on the

68 error mechanism). The operators were designed with nagsoft as the

Eriendly error-handling mechanism in mind.

ater message

OPERAND OF <operator name> OF WRONG SIZE

The given array is of too small size; the result

yielded is the operand.

OPERAND OF <operator name> CONTAINS NONZERO FIRST

AND/OR LAST SINE COEFFICIENT

The calculation is performed with the nonzero

elements in question overwritten with zeros.
OPERAND (REAL VECTOR) OF CO6TRGSUM IS OF ODD LENGTH

The calculation is performed with an adapted operand;
the smaller of the first and the last element is

discarded.

xiliary routines

sed NAG library operators are given in the following table.

ula [ Used NAG library operators Used Torrix operators/generators

'RGSUM £ CO6EXPSUM gencoarrayl ,/<, gencoarray 1

'RGSUM ab | CO6EXPSUMHRM genarrayl,/<, conj,genarray];,
widen

'OSSUM a CO6EXPSUMHRM /<

'INSUM b CO6EXPSUMANH r /<

ming

:ime taken is proportional to s*m, where s is the sum of the factors of m.




Storage No auxiliary arrays are c

). Accuracy

1e accuracy is determined by the DFT
1e description.
't us denote by
c : the machine representation of

ég_:[c—g].

rror bounds (first order).

'ormula Propagated error
:06TRGSUM £ [IAFN ) /max (1//m, I£T )
'06TRGSUM ab "é§ﬂ2 /max(lﬁﬁi"gﬂz) +

'06cossuM a || A_a"z /max (1//7, Il§_||2)
065INSUM b | apl,, /max (1/4, bl )

ile growth factors gf,ga, are of tr

Iy

1.5
v Y p!
i
th pi the factors of m.

Further comments None.

. Keywords

screte harmonic analysis.
igonometric interpolation.
screte harmonic synthesis.
aluation of trigonometric sums.
st Fourier Transform.

oley-Sande-Stockham algorithm.

se of the second relation in

asured) vector

Cji

Generated error

max (1//n, ol 2)

ge* small real
7 .

(ga+gb)* small :

ga* small real

Iy * small real

xr of magnitude
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xamples

GSUM

Program text.
Nl

! AN ILLUSTRATION OF THE USE OF 'CO6TRGSUM' THIS PROGRAM CALCULATES
'PROXIMATELY THE DISCRETE HARMONIC ANALYSIS AND THE DISCRETE
RMONIC SYNTHESIS.

'EC ' F=GENVEC (4) :=(1.0,0.0,3.0,4.0) ;

ITEF ( ($28Aa,L,28A,4(Q-D.DD),L,8A,L,42A,3 (L,-D.DD17QI0-D.DD) §,
"1CO6TRGSUM' EXAMPLE PROGRAM.",
"DISCRETE FUNCTION, ON INPUT:",

F,
"RESULTS:",
"COSINE COEFFICIENTS: SINE COEFFICIENTS:",

'CO6TRGSUM'F) ) ;
'OVEC ' AB=GENCOVEC (5) :=(2.0'1'0.0,0,0'1'1.,0,0.0'1'2.0,2.0'1'3.0,

4.0'1'0.0);
ITEF ( ($2L,42A,5(L,-D.DB17QI0-D.bb) ,L,28A,8(0-D.DD) $,
"COSINE COEFFICIENTS: SINE COEFFICIENTS:",

AB,
"RESULTING DISCRETE FUNCTION:",
'"CO6TRGSUM'AB) )

#OF 'COG6TRGSUM' EXAMPLE PROGRAM#

Data for program. None,

Results.

'RGSUM' EXAMPLE PROGRAM.
'ETE FUNCTION, ON INPUT: 1.00 0.00 3.00 4.00

TS:

[E COEFFICIENTS: SINE COEFFICIENTS:
) I 0.00

) I -2.00

) I 0.00

[E COEFFICIENTS: SINE COEFFICIENTS: (ON INPUT)
) I 0.00

) I 1.00

) I 2.00

) I 3.00

) I 0.00

/TING DISCRETE FUNCTION: 5.00 2.41 1.00 1.24 1.00 -0.41 5.00 -7.24




)J6COSSUM and CO6SINSUM

3.1 Program text.

3EGIN'
#

AS AN ILLUSTRATION OF THE USE OF 'CO6COSSUM' AND 'CO
PROGRAM CALCULATES APPROXIMATELY THE DISCRETE COSINE
zHE DISCRETE SINE TRANSFORM.
'VEC'A=GENVEC (5) :=(2.0,0.0,0.0,2.0,4.0);
WRITEF (($28A,L,16A,5(Q-D.DD) ,L,36A,5(Q-D.DD) $,
"'C06COSSUM' EXAMPLE PROGRAM.",
"VECTOR ON INPUT:",
A,
"RESULT OF DISCRETE COSINE TRANSFORM:",
'CO6COSSUM'A) ) ;

'VEC'B=GENVEC(5) :=(0.0,1.0,2.0,3.0,0.0);
WRITEF ( ($2L,28A,L,16A,5(Q0-D.DD) ,L,34A,5(Q-D.DD) $,
"1CO06SINSUM' EXAMPLE PROGRAM.",
"YECTOR ON INPUT:",
B,
"RESULT OF DISCRETE SINE TRANSFORM:",

'"CO6SINSUM'B))
END' #OF 'CO6COSSUM' AND 'CO6SINSUM' EXAMPLE PROGRAM#

3.2 Data for program. None.

3.3 Results.

CO06COSSUM' EXAMPLE PROGRAM.
ECTOR ON INPUT: 2.00 0.00 0.00 2.00 4.00
ESULT OF DISCRETE COSINE TRANSFORM: 5.00 -2.41 3.00

CO6SINSUM' EXAMPLE PROGRAM.
ECTOR ON INPUT: 0.00 1.00 2.00 3.00 0.00
ESULT OF DISCRETE SINE TRANSFORM: 0.00 4.83 -2.00




urce texts

D6TRGSUM =( COVEC ab) VEC :

ose: approximately calculated is

m

sum” a[k+ LWB ab]xcos(pixkxj/m)
k=0
+

m

sum b[k+ LWB ab]xsin(pixkx j/m)
k=0

for j=0,1,...,2xm1 with m= SIZE ab-1l.

ts: the discrete harmonic synthesis i.e. the of
the above formula for j=0,1, ... ,2xm~1 i
delivered as a VEC with bounds LWB ab

LWB ab+2xm-1. the vectors a and b must be . as
real and imaginary part of the COVEC ab
ion handling:if m<l then c06fail is called and the res i a

VEC with bounds LWB ab and LWB ab+2Xm-]

NT 1= LWB ab,m= SIZE ab-1;m>0
SCAL zero= WIDEN O;
im OF ab[1]#zero OR im OF ab[l+m]#zero
EN c06fail(2, )
"trgsumoperand of CO6TRGSUM contains nonzero first c
last element”); '
im OF ab[1l]:=im OF ab[l+m]:=zero

]

CO6EXPSUMHRM CONJ ab)/<2

c06fail(l,

TRGSUMOPERAND OF cO6trgsum OF WRONG SIZE");
marrayl (1,1+2xm-1)
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' CO6TRGSUM =( VEC f) COVEC :

)urpose: approximately calculated are

n—-1

a[ j]=1/m sum f[k+ LWR f]xcos(pixkxj/m),
k=0

and
n-1

b[j]=1/m sum f[k+ LWB f]xsin(pixkxj/m),
k=0

with n=2xm= SIZF f.

1put: see above formula. f is not preserved.

:sults: the coefficients a and b are delivered as real an
imaginary part of a COVEC with bounds LWB f an
LWB f+m.

seption handling:if n<l then cO6fail is called and the resulting
COVEC has lower bound lwbf and upper bound
LWB f+m. if n is odd then c06fail is called
and the smaller of the first and the last element
is discarded and CO6TRGSUM is called with the
modified operand.#

? INT n= SIZE f,1= LWB f; INT m=n OVER 2;n>0
HEN IF NOT ODD n
THEN ( CO6EXPSUM f)[1l:14m AT 1]/<m
ELSE c06fail(3,
"trgsumoperand (real vector) of CO6TRGSUM 1is of odd length’
INT u= UPB f;
IF ABS f[1]< ABS f[u]
THEN CO6TRGSUM f[1+l:u AT 1]
FLSE CO6TRGSUM f[l:u-1 AT 1]
FI
FI
'LSE c06fail(l,"trgsumoperand of CO6TRGSUM OF WRONG SIZE");
gencoarrayl(1l,1+m)
T,




CO06CCSSUM =( VEC a) VEC :

pose: approximately calculated is
m
sum” a[k+ LWB a]xcos(pixkxj/m), j=0,1, ... ,m
k=0

m= SIZE a-1.

t: see above formula, a is not preserved.

1ts: the cosine transform, i.e. the result of the
above formula is delivered as a VEC with bounds
similar to those of a.

tion handling:if m<l then cO6fail is called and the original
vector a is delivered.#

INT ml= SIZF a;ml>1l
CO6EXPSUMHRM (a/<2)

c06fail(l, "cossumoperand of CO6COSSUM of wrong size");a

2J06SINSUM =( VEC a) VEC

pose: approximately calculated {is
m
sum a[k+ LWB a]xsin(pixkxj/m), 3=0,1, ... ,m
k=0 :

m= SIZE a-1.

see above formula, a is not preserved. note that:

the first and last element of a must be supplied

and filled with zero.

lts: the sine transform, i.e. the results of the
above formula is delivered as a VEC with bounds
similar to those of a. note that the first and last
element are zero again.

:ion handling:1if m<1 then c06fail is called and the original
vector a is delivered.#

vr
oo

NT ml= SIZE a;ml>l

SCAL zero= WIDEN O;
" a[ LWB a]¥zero OR a[ UPB a]#zero
[EN cO6fail(2,

"sinsumoperand of CO6SINSUM containes nonzero first and/or
last sine coefficient"); !
a[ LWB a]:=a[ UPB a]:=zero

b}
'6EXPSUMANH (a/<2)
c06fail(l,"sinsumoperand of CO6SINSUM of wrong size");a




1.4 CO6TRGSUM, C06COSSUM, CO6SINSUM (Dyadic)

. Purpose
'he dyadic operators
CO6TRGSUM, CO6COSSUM, CO6SINSUM

waluate trigonometric sums.

dvantage has been taken of zeros in the data in

C06COSSUM - sine coefficients are zero

CO06SINSUM - cosine coefficients are zero.

'. Specification (Algol 68)

MODE SCAL = REAL, COSCAL = COMPL;
MODE VEC = Rer[ lscar,

COVEC = REF[ 1COSCAL;
OP CO6TRGSUM = (SCAL t, COVEC ab) SCAL:
oP C06COSSUM = (SCAL t, VEC a) SCAL:
OP CO6SINSUM = (SCAL t, VEC b) SCAL:

PRIO CO6TRGSUM = &, CO6COSSUM = 8, CO6SINSUM = 8.

). Description
'he operators calculate

m
£(6, a, b) = Z (a, cos k6 + b, sin k6).
- = k k
k=0
The algorithm used for evaluating a cosine sum and a sine sum is the

lenshaw algorithm with the modifications due to Reinsch.

l. References

1]OLIVER , J.
An error analysis of the modified Clenshaw method for evaluating
Chebyshev and Fourier series.

JIMA, vol. 20, 379-391. 1977.
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arameters

ral:

th operands are preserved.

e result is a real constant: the trigonometric sum.

ly the size of the right operand matters: the k-th element of a vector
is assumed to be represented by alLWB a + k], so the lower bound of the
ta representation of the vector does not matter and is free for choice.
denotes the size of the coefficient vector minus 1.

ft operand t: the angle 6i a real constant (it is advised to supply

value within [-m,m)).

Formula Right operand

D6TRGSUM ab e complex array with m+l elements: the real part
contains the cosine coefficients, a, and the imaginary
part contains the sine coefficients, b. The first

element of b must contain zero.

D6COSSUM a a real array with m+l1 elements: the coefficients of the

cosine sum, a.

J6SINSUM b a real array with m+1 elements: the coefficients of

the sine sum, b. The first element must contain zero.

cror indicators

1e event of an error condition being detected, the error routine:

11l of mode REF NAGFAIL, is called with the parameters listed below.

» are printed and in case the value of c0O6fail is nagsoft the execution
mtinued (see in Introduction of the NAG manual the document on the

. 68 error mechanism). The operators were designed with nagsoft as the

-friendly error-handling mechanism in mind.

neter message
VECTOR OPERAND OF <operator name> OF WRONG SIZE

The size of the given vector is smaller than one;




e

the result yielded is zero as value for the empty

sum.

VECTOR OPERAND OF <operator name> CONTAINS NONZER
FIRST SINE COEFFICIENT

The calculation is performed with the first sine

coefficient overwritten with zero.

Auxiliary routines None.

Timing

time taken is

proportional to m.

Storage No auxiliary arrays are declared.

Accuracy

us denote by:
: the

: the

the

, C : the

cosine coefficient vector;
sine coefficient vector;
angle;

condition numbers

m

y max(l,lakl)/max(l, |£(6,a,b) 1),
k=0

m
L max(1,|b |)/max(1, [£(6,a,b)]);
k=0

the condition number

g

= [max(1,|6])3¢] /max (1, |£(8,a,0) |);

v 9y : growth factors (conjectured of order m);

: the machine representation of (the measured) a;

: the machine representation of (the measured) b;
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, 6b : vectors of com
Gak= !ak—a ’ |ak|)
6b, = b, - b , fbkl)

for all approp:
the machine r the measured) 6;

|t - o] /max (1

r bounds (first order)

mula Propagat Generated error
06TRGSUM ab * I sall * + * * 1
TRGSUM a c, Sall (ca g, y gb) small real
06COSSUM a c * lsal ¢ *g * small real
a — @ a “a
INSUM % | I *qg *
06SINSUM b <, Sbll CL*gy’ small real

Further comments None.

Keywords
uation of trigonometric

shaw-Reinsch algorithm.

Examples




13.1 Program text.

'BEGIN'
#
AS AN ILLUSTRATION OF THE USE OF 'CO6COSSUM', 'CO6SINSUM' AND
'CO6TRGSUM' (DYADIC) THE PROGRAM CALCULATES APPROXIMATELY

1
SUM (A[K]*COS (K*T)+B[K]*SIN (K*T))
k=0

#
'SCAL'ANGLE=P1/2;
'COVEC'AB= (GENCOVEC (2) :=(1.0'1'0.0,2.0'1'1.0))['aT'0];
'VEC'A=RE'OF'AB,
B=IM'OF 'AB;
WRITEF (($57A,L,6A,0-D.DD,L,20A,2(Q-D.DD) ,L,184,0-D.DD, 2L, 184,
2(o-p.DD),L,16A,0-D.DD,2L,25A,0-D.DD$,
"*CO6COSSUM', 'CO6SINSUM' AND 'CO6TRGSUM' EXAMPLE PROGR
"ANGLE:" ,ANGLE,
"COSINE COEFFICIENTS:",A,
"RESULT COSINE SUM:" ,ANGLE'C06COSSUM'A,
"SINE COEFFICIENTS:",B,
"RESULT SINE SUM:" ,ANGLE'CO6SINSUM'B,
"RESULT TRIGONOMETRIC SUM:",ANGLE'CO6TRGSUM'AB))
'END' #OF 'CO6COSSUM', 'CO6SINSUM' AND 'CO6TRGSUM' EXAMPLE PROGRAMY

l3.2 Data for program. None.

.3.3 Results.

'CO6COSSUM', 'CO6SINSUM' AND 'CO6TRGSUM' EXAMPLE PROGRAM.
\NGLE: 1.57

JOSINE COEFFICIENTS: 1.00 2.00

RESULT COSINE SUM: 1.00

JINE COEFFICIENTS: 0.00 1.00
RESULT SINE SUM: 1.00

RESULT TRIGONOMETRIC SUM: 2.00




urce texts

J6TRGSUM =( SCAL t, COVEC ab) SCAL :
)se: approximately calculated is

m
sum (a[k]xcos(kxt)+b[k]xsin(kxt))
k=0

with o= SIZF ab-1.
the angle t of MODE SCAL must be given as left
operand. the right operand of MODE COVEC
contains the cosine coefficients as real part and
the sine coefficients as imaginary part. the first
element of the imaginary part is supposed to refer
to zero.

s: the trigonometric sum of MODE SCAL .

ion handling:if m<0 then c06fail is called and zero is
delivered as the value of the empty sum. if the
first element of the imaginary part does not refer
to zero then cO6fail is called and the calculation
is performed after the element is overwritten with
zero.#

AL zero= WIDEN O; INT m= SIZE ab-1;m>-1

VEC a=re OF ab,b=im OF ab; "

b[ LWB bl#zero

N cO6fail(2,

"trgsumvector operand of CO6TRGSUM contains nonzero first
sine coefficient”);

b[ LWB b]:=zero

3

L sinsum,cossum; :

6ser(a,cossum, NIL ,t),cO6ser(b, NIL ,sinsum,t));

sumtsinsum

06fail(l,"trgsumvector operand of CO6TRGSUM of wrong size");

o)




OP CO6COSSUM =( SCAL t, VEC a) SCAL :
fpurpose: approximately calculated is

n
sum a[ LWB atk]xcos(kxt)

k=0
with m= SIZE a-1.

input: the cosine coefficients must be given as a VEC
with arbitrary first index.

result: the cosine sum.

exception handling:if m<O then cO6fail is called and zero is
delivered for the empty sum.#

IF INT m= SIZE a-1l;m>-1

THEN SCAL cossum;
cO6ser(a,cossum, NIL ,t);cossum

ELSE c06fail(l,"cossumvector operand of CO6COSSUM of wrong size");
WIDEN O

FI ,

OP CO6SINSUM =( SCAL t, VEC b) SCAL :
fipurpose: approximately calculated is

m
sum b[ LWB btk]xsin(kxt)
k=0

with = SIZE b-1.

input: the sine coefficients must be given as a VEC
with arbitrary first index. the first element is
supposed to refer to zero.

result: the sine sum.

exception handling:if m<O then cO6fail is called and zero is
delivered as the value of the empty sum. if
b[ LWB b] does not refer to zero then cO6fail is
called and the calculation is performed after
b[ LWB b] 1is overwritten with zero.#

[F SCAL zero= WIDEN O; INT m= SIZE b-1;m>-1
THEN IF b[ LWB b]#zero
THEN c06fail(2,
"sinsumvector operand of COG6SINSUM contains nonzero first
sine coefficient”);
b[ LWB b]:=zero
FI ;
SCAL sinsum;
cObser(b, NIL ,sinsum,t);
sinsum
ILSE c06fail(l,”sinsumvector operand of CO6SINSUM of wrong size");
zero
I




[. SOURCE TEXTS OF THE TECHNICAL ROUTINES

[.1 Hierarchy of the implementations (monadic operators)

O6TRGSUM r CO6TRGSUM c CO06COSSUM CO6SINSUM

! + — 4
O6EXPSUM r CO6EXPSUMHRM r CO6EXPSUMANH r COGEXPS
T CO6EXPSUM COGEXPSUMHRM c
COGINITW ——”1T CO6SINTWI I
COGFFT

.2 Hierarchy of the implementations (dyadic operators)

'06EXPSUM CO6TRGSUM CO06COSSUM CO6SINSUM

N

CO6SER

.3 Source texts




0C cO6sintwi=( INT n, VEC s) VOID :

urpose:the points sin(2xpixj/n), j=0,1, ... , UPB s
are calculated.

put: VEC s with LWB s=0 and UPP s>0;
INT n with n>0,

sults: the points are delivered in s.#

INT u= UPBR s; LWB s=0 AND w0 AND n>l

EN IF u<n
THEN s[0]:= WIDEN 0;
IF w0

THEN SCAL spi=pi,two= WIDEN 2;
SCAL tpi=twoxspi;
SCAL the=tpi/ WIDEN n;
s[1]:=sin(the);
INT ttp:=l; INT uu=u MIN (n OVFR 2);
WHILE ttpx:=2;ttp<uu
DO s[ttp]:=sin(ttpxthe) OD ;
INT thp=ttp OVERAR 2;
IF INT 1l:=thp; 1<uu
THEN WHILE (ttp OVERAB 2)>0
DO IF 1+ttp<uu
THEN l+:=ttp;s[1l]:=sin(1lxthe)
FI )
0D
FI ;
INT k:=thp OVER 2;
WHILE (k OVERAB 2) > 1
DO IF SCAL tct=twoxcos(kxthe); ABS tct> WIDEMN
THEN FOR j FROM 3xk BY 2xk TO wuu-k
DO s[ j]:=(s[j~k]+s[ jk])/tct OD
ELSE FOR j FROM 3xk BY 2xk TO wuu-k
DO s[ j]:=tctxs[ j-k]-s[ j~2xk] OD
FI
oD 3
FOR j FROM uutl TO u DO s[j]:=-s[n-j] OD
FI
ELSE cO6sintwi(n,s[O:n-1 AT 0]);
FOR j FROM n TO u DO s[ j]:=s[ ~n] OD
FI
SE ¢06fail(l,"sintwiwrong size and/or bounds in cO6si .




vitw=( INT n, COVEC w, VOID :

e twiddle factors exp(0 I 2xpixj/n), j=0,1
e calculated.

OVEC w with LWB w=0 and UPB w)>O;

T n with n>0.

e twiddle factors are delivered in w.#

UPB w; LWB w=0 AND w0 AND nDl
n
AL scalpi=pi,two= WIDEN 2,one= WIDEN 1;
tpi=scalpi+scalpi;

kth:=(n=1! WIDEN O!tpi/ WIDEN n),
:=1;

u=u MIN (n OVER 2);

= WIDEN one;

k <uu

k]:=(cos(kth),sin(kth));

=23

hx :=two

=k OVERAB 2;k OVERAB 2;
(k OVERAR 2) > 1
? SCAL tct=twoxre OF w[k]; ABS tct > o1
iN FOR j FROM 3xk BY 2xk TO i-k
DO w[ j]:=(w[ j=k]+w[ #+k])/tct OD
5E FOR j FROM 3xk BY 2xk TO i-k
DO w[ j]l:=tctxw[ j-k]=-w[ j=2xk] OD

FROM i+l TO uu DO w[ j]:=w[i]xw[j=1i] OD
FROM uutl TO u DO w[j]:= CONJ w[n-j] OD
Initw(n,w[0O:n-1 AT 0]);

FROM n TO u DO w[ j]:=w[ j=n] OD

°
H

'1(1,"cO0binitw wrong size and/or bounds")




PROC cO06fft=( COVEC xy) VOID :

#purpose: approximately calculated is

n-1

sum w[ j,k]xxy[k+ LWB xy], j=0,1, ..

k=0

with n= SIZE xy, w[j,k]=exp(0 T jx} 'n).
input: see above formula.
results: the idft of xy is delivered with

bounds pair O:n-1.
:xception handling:if NOT ( LWB xy=0 AND SIZE xy>0)tt
c06fail is called.#

IF INT n= UPB xy+l; LWB xy=0 AND n>l THEN
IF nl THEN

)ROC fftri=( COVEC x,w, INT ri,rlriminl,ripluslrm,n) V(
CASE
PROC xi=( INT i) COVEC :x[ AT -ixripluslrm],
COSCAL zero= WIDEN WIDEN O,
INT rirm=rixripluslrm,noverri=n OVER ri,risubl=ri-1
ripluslrmsubl=ripluslrml;
INT nsubrirm=n-rirm;
risubl
IN
BEGIN
COVEC x0=x1(0),x1=xi(1);
FOR k FROM O TO ripluslrmsubl DO
COSCAL wn=w[kxrlriminl];
FOR j FROM k BY rirm TO nsubrirmtk DO
REF COSCAL x03j=x0[j],x1j=x1[]j];
COSCAL a=x0j,b=x1j;
(%0 j:=a+b,x1 j:=(a-b)xwn)
oD
(0))]
END ,
BEGIN
COVEC x0=x1(0),x1=x1(1),x2=x1(2);
COSCAL eil20=w[noverri],ei240=w[2xnoverri];
FOR k FROM O TO ripluslrmsubl DO
INT ind=kxrlriminl;
COSCAL wlpn=w[ind],w2n=w[2xind];
FOR j FROM k BY rirm TO nsubrirmtk DO
REF COSCAL x0 j=xO0[ j],x1 j=x1[ j] ,x2 j=x2[ j];
COSCAL a=x0j,b=x1j,c=x2j;
(x0j:=(atb +c ) .
xl j:=(atbxeil20+cxei240)xwln,
x2 j:=(athxei1240+cxeil20)xw2n)
oD
oD
END ,




i
WEC x0=xi(0),x1=x1(1),x2=x1(2),x3=xi(3),
!0C ( COSCAL ) COSCAL ei90=
( COSCAL a) COSCAL :(- IM a, RE a) ;
noverri=rlriminl THEN
FOR j FROM O BY rirm TO nsubrirm DO
REF COSCAL x03j=xO[ j],x1j=x1[j],x2j=x2[ j],x3 j=x3[j];
COSCAL e=x0 j*+x2 j,f=x0j-x2 j,g=x1 j+x3 j,h=ei90(x1 j~x3 j);
(x0j:=etg,x2j:=e-g,x1 ji=f+h,x3j:=f-h)
0D
.SE
FOR k FROM 0 TO ripluslrmsubl DO
INT ind=kxrlriminl;
COSCAL  wln=w[ind],w2n=w[2xind],w3n=w[3xind];
FOR j FROM k BY rirm TO nsubrirmtk DO
REF COSCAL x03=x0[j],x1j=x1[]j],x23=x2[j],x33=x3[]];
COSCAL e=x0j+x2 j, f=x0j-x2j,g=x1 j+x3 j,h=e190(x1 j=x3j);
(x0jei=etg,x2j:=(e~g)xw2n,x1 j:=(f+h) xwln,x3 j:=(f-h) xw:
on
oD

[

WEC x0=xi(0),x1=xi(1),x2=x1(2),x3=x1i(3),xb4=xi(4);

'SCAL ei 72=w[ noverri],eildd=w[2xnoverri],

ei216=w[3xnoverri],ei288=w[4xnoverri];

R k FROM O TO ripluslrmsubl DO
INT ind=kxrlriminl;
COSCAL wlop=w[ind],w2n=w[2xind],w3n=w[3xind],wén=w[4xind];
FOR j FROM k BY rirm TO nsubrirmtk ©DO

REF COSCAL x0 j=xO0[ j] ,x1j=x1[j],x2j=x2[j],

x33=x3[j],x4 j=x4[]];

COSCAL a=x0j,b=x1j,c=x2j,d=x3j,e=x4 j;

(x0 j:=(atb +c +d +e ) .
xlj:=(atbxei 72+cxeilbb4+dxei2lb6+exei2B88)xwln,
x2 j:=(atbxeilbb+cxei288+dxei 72+exei2l6)xw2n,
x3j:=(atbxei2lb6+cxei 72+dxei288+exeildéd)xw3n,
x4 j:=(atbxei288+cxei2lb6+dxeilbb+exei 72)xwhn)

oD

=n THEN
VEC xp= COPY (x);
GIN
REF COSCAL s=x[0]:=zero;
FOR p FROM O TO risubl DO s+:=xp[p] OD
D ;
R j FROM 1 TO risubl DO
INT bh:=j,
REF COSCAL s=x[j]:=xp[0];
FOR p FROM 1 TO risubl DO
st:=xp[p]xw[b];
( (bt:=3) > n ! b-:=n )
0D




LSE
[O:risubl] COVEC xp;
FOR p FROM O TO risubl DO xp[p]:=xi(p) OD ;
FOR k FROM O TO ripluslrmsubl DO
INT ind=kxrlriminl;
FOR j FROM k BY rirm TO nsubrirmtk DO
COVEC xpj=gencoarrayl(0O,risubl);
BEGIN
COSCAL s:=zero;
FOR p FROM O TO risubl DO
sti=(xpjlpl:=xp[pl[]])
oD ;
xp[0][j]:=s
END ;
INT c:=0,d:=0;
FOR p FROM 1 TO risubl DO
(c+:=noverri,d+:=ind);
INT b:=d,
REF COSCAL s=xp[p][ j]:=zero;
FOR q FROM O TO risubl DO
st:=xpjlq]xw[b];
((bt:=c)>n!b-:=n)

oD
oD
0D
on
AC
DE R = STRUCT ( INT ri,rlriminl,ripluslrm),
DE L = STRUCT ( REF R r, REF L next),

0C factor=( INT n, REF REF L 113,12,1123, REF INT r
GIN
REF L klb:= NIL ,kle,k2b:= NIL ,k2e,k3b:= NIL ,k3e,
mlb:= NIL ,mle,m2b:= NIL ,m2e,m3b:= NIL ,m3e,
PROC inlist=( INT ri) VOID :
IF
(ridrimax!rimax:=ri);
PROC list=( REF REF L 1lb,le, BOOL bef, REF R r)
IF 1b:=: REF L ( NIL ) THEN
lb:=le:= HEAP L :=(r, NIL )
ELIF bef THEN
1b:= HEAP L :=(r,lb)
ELSE
le:=next OF le:= HEAP L :=(r, NIL )
FI ;
lastri=0
THEN
lastri:=ri
ELIF 1lastri=ri THEN




AP R rl,r2;
l OF rl:=ri OF r2:=ri;
ist(klb,kle, FALSE ,rl);list(mlb,mle, FALSE ,rl);

lst(k3b,k3e, TRUE ,r2);list(m3b,m3e, TRUE ,r2);
astri:=0

AP R rj
. OF r:=lastri;

st(k2b,k2e, FALSE ,r );list(m2b,m2e, FALSE s )3
istri:=ri

T npart:=n,lastri:=0;
max:=0;

ILE npart MOD 4=0 DO
npart OVERAB 4;inlist(4)
>
NOT ODD npart THEN
npart OVERAB 2;inlist(2)

9
T div:=3;
ILE
IF npart MOD div =0 THEN
npart OVERAB div;inlist(div);

TRUE
ELIF npart OVER div>div THEN
divt:=2;
TRUE
ELSE FALSE
FI1
SKIP OD ; :
npart>l THEN inlist(npart) FI ;
1list(0); -

klb:=: REF L ( NIL ) THEN

113:= NIL ;12:=1123:=k2b
IF k2b:=: REF L ( NIL ) THEN

12:= NIL ;113:=1123:=klb;next OF kle:=k3b
SE

12:=k2b;113:=kl b;next OF kle:=k3b;
1123:=mlb;next OF mle:=m2b;next OF m2e:=m3b

-

I' rlriminl:=1,
F L 1:=1123;
[LE
REF R r=r OF 1;
rlriminl OF r:=rlriminl ;
ripluslrm OF r:=n OVER (rlriminlx:=ri OF r);
(l:=next OF 1):#: REF L ( NIL )
SKIP OD




)C revers=( COVEC x, REF L 113,12, INT n) VOID :

PROC perm=( REF L 1, PROC ( INT , INT ) VOID pr) VOID :
BEGIN
PROC pp=( REF L 1, INT j,k) VOID :
IF REF R r=r OF l;next OF 1l:=: REF L ( NIL ) THEN
FOR p FROM O TO ri OF r-1 DO
pr( #+pxrlriminl OF r,k+pxripluslrm OF r)
(0)))]
ELSE
FOR p FROM O TO ri OF r-1 DO
pp(next OF 1,j+pxrlriminl OF r,k+pxripluslrm OF r)
oD
FI ;
pp(1,0,0)
END ;

(113:#: NIL ) AND (12: =: NIL ) THEN
perm(113,( INT j,k) VOID :(j<k!x[j]l=:=x[k]))
F (113: =: NIL ) AND (12:#: NIL ) THEN
IF next OF 12:#: REF L ( NIL ) THEN

INDEX p=genintarray(0O,n-1);

perm(12,( INT j,k) VOID :p[jl:=k);

FOR j FROM 1 TO n-2 DO

IF INT k:=p[j]; j#k THEN
COSCAL s=x[k];p[il:=];
WHILE INT 1=p[k];1¥k DO

x[k]:=x[1];p[k]:=k;k:=1

oD ;
x[k]:=s

FI

oD

'113:#: NIL ) AND (12:#: NIL ) THEN
next OF 12: =: REF L ( NIL ) THEN
INT step=ripluslrm OF r OF 12;
INT stepspan=stepx(ri OF r OF 12-1);
PROC change=( INT j,k) VOID :
IF j < k THEN
COVEC xj=x[ AT =-j],xk=x[ AT -k];
FOR p FROM O BY step TO stepspan DO
xj[pl=:=xk[p]
oD
FI ;
perm(113,change)
3E
INT step=( REF L 1:=12; WHILE next OF 1l:#: REF L ( NIL )
DO 1l:=next OF 1 OD ;ripluslrm OF r OF 1);
INT span=n OVER (stepxrlriminl OF r OF 12)-1;
MODE CYCLE = STRUCT ( INT no, REF CYCLE next),
[O:span] CYCLE p;
perm(12,( INT j,k) VOID :p[j OVER step]:=(k OVER step, NIL ));




LIST = STRUCT ( REF CYCLE start, REF LIST ne:
LIST 1:= NIL ,
j:=0;

* REF CYCLE . t:=p[il;
next OF t :=: REF CYCLE ( NIL ) THEN
WHILE
REF CYCLE s=t; INT k=no OF s;
t:=p[k];s:=(jxstep,t); j:=k;
next OF t :=: REF CYCLE ( NIL )

DO SKIP OD ;

1:= HEAP LIST :=(t,1)
L
< span
F:=1 OD ;

listperr=( INT j,k) VOID :
j=k THEN
F LIST list:=1,
WEC xj=x[ AT -j];
1ILE
IF REF CYCLE start=start OF list;
next OF start :#: start THEN
REF CYCLE t:=start, INT no:=no OF start;
COSCAL s=xj[no];
WHILE
INT p=no OF (t:=next OF t);
xj[no]l:=xj[n];no:=n;
next OF t :#: start
DO SKIP OD ;
X j[no] :=s
FI ;
(list:=next OF list):#: REF LIST ( NIL )
) SKIP OD
j<k THEN
LIST list:=1,
> xj=x[ AT =-jl,xk=x[ AT -k];

! REF CYCLE start=start OF list;
next OF start :=: start THEN
INT no=no OF start;
xj[no]=:=xk[no]
LSE
REF CYCLE t:=start, INT no:=no OF start;
COSCAL sl=xj[no],s2=xk[no];
WHILE
INT n=no OF (t:=next OF t);
(xj[no]:=xk[n] ,xk[no]:=xj[n] );no:=n;
next OF t :#: start
DO SKIP OD ;
(xk[no] :=sl,xj[no]:=s2)
[




(list:=next OF 1ist):#: REF LIST
DO SKIP OD
FI ;

perm(113,1istperm)
'T

INT rimax,
REF L 113,12,1123;
factor(n,113,12,1123,rimax);
COVEC w=gencoarrayl(0,n=(rimax>5!1!n O\
cObinitw(n,w);
WHILE
REF R r=r OF 1123;
fftri(xy,w,ri OF r,rlriminl OF r,ripl
(1123:=next OF 1123):#: REF L ( NIL
DO SKIP OD ;
revers(xy,113,12,n)

c06fail(l,"cO6fft wrong size”) FI ,




0C cO6ser=( VEC a, REF SCAL cosser,sinser, SCAL t) VOID

urpose: calculation of either or both of the trigonometric sums
u

sum aalk]xcos(kxt) (cosine sum)
k=0
u
sum aa[k]xsin(kxt) (sine sum )
k=1

with aa[k]=a] LWBR atk] and u= SIZE a-l.

iput parameters: SCAL t angle of trigonometric sum,

VEC a coefficients of trigonometric sum,

REF SCAL cosser,sinser when containing NIL no
cosine and/or sine sum are desired otherwise
the cosine and/or the sine sum are desired.

tput parameters: REF SCAL cosser,sinser they will contain
the cosine and sine sum, provided they
were not pointing to NIL on input.#

" (cosser:=: NIL ! SIZE a>0! SIZE a>0) THEN
PROC sqr=( SCAL c) SCAL :cxc,
SCAL c=cos(t),zero= WIDEN O,
one= WIDEN 1,two= WIDEN 2, four= WIDEN 4;
SCAL hal f=one/two;
INT ua= UPB a,lapl= LWB atl;
IF c<~half THEN
SCAL lambda=fourxsqr(cos(t/two)), SCAL un:=zero,dun:=zero;
FOR k FROM ua BY -1 TO lapl
DO dun:=lambdaxun-dumta[k];un:=dun-un OD ;
IF cosser:#: NIL THEN cosser:=lambda/twoxun-dunta[lapl-1]
FI ;
IF sinser:#: NIL THEN sinser:=un xsin(t) FI
ELIF c>half THEN
SCAL lambda=-fourxsqr(sin(t/two)), SCAL un:=zero,dun:=zero;
FOR k FROM wuwa BY -1 TO 1lapl
DO dun:=lambdaxuntdumtalk];un:=dumtun OD ;
IF cosser:#: NIL THEN cosser:=lambda/twoxuntdumtallapl-1]
FI ;
IF sinser:#: NIL THEN sinser:=un xsin(t) FI
ELSE
SCAL cc=ctc , SCAL unl:=zero,un2:=zero;
FOR k FROM uwa BY -1 TO 1lapl
DO SCAL h=ccxunl=un2+a[k];un2:=unljunl:=h OD ;
IF cosser:#: NILL. THEN cosser:=unlxc-un2+aflan! i]
FI ;
IF sinser:#: NIL THEN sinser:=unlxsin(t) FI
FI
SE c06fail(l,"cOb6ser wrong size”) FI




IV. TESTING

Apart from the example test programs given in the documentat
ve considered for the stringent tests the cases:
. problems with known exact results (model problem),
. verification of relation of Parseval,

verification of the pair: transformation and its inverse.
Che dyadic operators are applied to those argument values im
in the monadic operators. The resulting formulas of the abowv

vere published (in Dutch) in MC Syllabus 29.1b p. 227-231.




FUTURE PLANS

the near future implementations are consid
neral summation (V.1)

mmation of Chebyshev sums (V.2)

mmation of sums of orthogonal polynomials
o—-dimensional IDFT (V.4)

erators for special matrix-times-vector pr
nograd technique for the improvement of th
ne who likes to contribute with respect to
estions with respect to any other item wit]
iraged to contact the author.

appropriate we refer to the NUMAL library
ALGOL 60 implementations.

tre
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1 General summation

thin this context we have for problem (1.1)

k=L

r a slowly convergent series an Euler transformation with van Wijngaarde
rategy can be used; when the terms of the series have the same sign a
eliminary transformation (due to Van Wijngaarden) can be applied to tran
rm the series into an alternating one. Apart from those linear trans-
rmations a lot of non-linear techniques are available. For a recent

rvey see Brezinski (1978) with implementations as FORTRAN programs. It

Juires more research in order to make a more detailed proposal.

narks
A routine Euler is provided in the RR of ALGOL 68.
In NUMAL implementations are available for an alternating series and for

a series with terms of the same sign.

terature

ezinski, C. (1978): Algorithmes d‘'accélération de la convergence. Etude
nérique, Paris. '

niel, J.W. (1969): Summation of a series of positive terms by condensati
ansformations. Math. Comp., 23, 91-96.

n Wijngaarden, A. (1965): Course Scientific computing B; process analysi

atch) . Mathematisch Centrum CR-18.

2 The summation of Chebyshev sums

thin this context we have for problem (1.1)

n
S(x) = ) a, T, (x), x e [-1,1]
k=0
th Tk(x) the Chebyshev polynomial of the first kind of degree k.
vell-known algorithm for the evaluation of this sum is the Clenshaw

jorithm, which can easily be understood from




o - . n /2X —1\k /ak\
s = § (T ()

plying Horner's rule to the matrix polynom

special case we have the odd Chebyshev sum

s, (x) = ) (x).

a T
k=0 k 2k+1

lenshaw algorithm for the evaluation of th

ned from

n 2T, (x) -1\k/a
_ ("2 Y k)
o0 =xttn 300 F ()

ain applying Horner's rule to the matrix p
ven Chebyshev sum
n
S (x) = z a T,  (x)
e —
e reduced to the calculation of S because
T k(X) = Tk(Tz(X?)
herefore

S (x) = s(T,(x)).
e 2

ammation of the shifted Chebyshev sum
*
S (x) Za T (x), X

e reduced to the summation of S because

*
Tk(x) = Tk(2x—1),
herefore
s*(x) = s(2x-1).

€ sum




r the above problems it is proposed to implement the dyadic operators

th left operand scal x and right operand vec a:

CO6CHESUM for S(x)
CO6ODDCHESUM ~ for S (x)
CO6EVECHESUM for Se(x)
CO6SHTCHESUM for S*(x).

marks.

Implementations in ALGOL 60 are provided in NUMAL.

We agree with the remark of Curtiss that the modifications due to Reinsch
of the Clenshaw-algorithm are only useful, if we have ¢ available instead
of x, with x = cos ¢. The implementation of Cox and Hayes (1974) is
therefore not necessary.

It has been observed by Newbery (1974), that if the coefficients of the
equivalent power sum representation are of the same sign or strictly
alternating, then the power sum representation can be used instead of

the Chebyshev sum representation, -without loss of accuracy and with gain
in evaluation speed. If we define the sensitivity for the perturbations in

the coefficients {ak} of S(x) by
a
_ k 35(x)
K(s,(x)) = Els da |

d K(Sb) analogous for S in the Chebyshev sum representation, then we

ve under the conditions mentioned by Newbery:

max K(Sa(x)) = max K(Sb(x)).
xel-1,1] xel-1,1]
n implementation for the transformation of a power sum into a Chebyshev

m or vice versa is provided in NUMAL) .

terature.

X, M.G. & J.G. Hayes (1974): Curve fitting: a guide and suite of
gorithms for the non-specialist user. NAC Report 26. National Physical
boratory.

wbery, A.C.R. (1974): Error analysis for polynomial evaluation. Math.

mp., 28, 789-793.
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The summation of sums of orthogonal polynomials

n this context we have for problem (1.1)
n
S(x) = Z akfk(x)
k=0

fk(x) a function obeying a second order homogeneous recurrence relation.
1 important special case we have the summation of orthogonal polynomials.
i1ames of classical orthogonal polynomials and some of their properties
.nterrelations are given in chapter 22 of Abramowitz and Stegun.

rlated with the names is the standardization. In our opinion it is
itageous to provide, at first, implementations for:

sum of orthogonal polynomials each normalized with the coefficient of

1e highest power of x equals 1;

ms of diverse orthogonal polynomials, named and normalised according

> Abramowitz and Stegun.

.mplementation under a) is general in the sense, that the appropriate
rence coefficients, besides thé argument x and coefficients, {ak},

be provided by the user; the implementations under b) are recognired
leir names and only the argument, the coefficients {ak} and appropriate

1leters must be provided.by the user.

i1lgorithms are essential due to Clenshaw, because, if

= + = .o e
T k=12

initial values fO and fl’ are given, then

B n k-1 /a,(x) 1\/ak\

S(x) = (£,,£) ) T {3 )
0""1" 1 Lo 520 \Bj o/\o )

1sily obtained from the Horner-like rule

(fo,fl)(/ 00) + AO<( 01> ..o+ An-Z(\(On-l) +A__,




1
(%31

BT ey o)

is 'Horner-scheme' can be viewed as an inhomogeneous second order recur-—

on.

- the implementation under a) we propose the dyadic operators

name left operand right operand
J6SUMORTPOL struct (vec b,c, scal x) vec a
J6SUMORTPOL struct (vec c, scal x) vec a

> recurrence coefficients b,c are related to those given in table 22.7

Abramowitz and Stegun by

on
I
I

o

—

—a2k/a3k ‘ ' k

)y k=1,2,... .

Q
I

a4k~ka1k_1/(a3k*a3k_1

r the well-known classical orthogonal polynomials we have

>olynomial kind recurrence coefficients
bk ck
sbyshev (1st kind) 0 1/2, k=1
1/4, k>1
abyshev (2nd kind) 0 1/4
jendre 0 k2/(4k2—1)
2 2
~obi. (B -a ) 4(o+l) (B+1) k = 1
- +8+2k) (a+B+2 (k+1 P
(42K (aB+2(ktD) 1 (s gvok) % (atBt3)
4k(a+k)(g+k)(a+8+kl k> 1
(a+B+2k) " ( (a+B+2k) “=1)
Juerre o +2k + 1 (a+k) k
rmite 0 k/2
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he sum S(x) we have

n
S(x) = ) a £, (x) = (b,c,x) CO6SUMORTPOL a'

fk(x) as defined by Abramowitz and Stegun in table 22.7 and

k-1
al! = jgo (a3j/a1j)ak, k=20,1,...n.

'
k
ks.

» summation of polynomials with bk = 0, is catered for in a simple

shion.

NUMAL an implementation, heavily based on Gautschi (1968), is

wwided for obtaining the recurrence coefficients of a general orthogonal
.ynomial with a positive weight function.

» used techniques may be applied to the summation of functions, which obs

-hree-term recurrence relation. However, the numerical stability must

ascertained for every particular case: if either of the solutions of

s homogeneous recurrence dominate the solution of the inhomogeneous
wurrence, then the problem is unstable, and a modification of the
)blem by eliminating the dominant solution is necessary; a criterium
terms of the eigenvalues of the matrices Aj and the coefficients a

not yet provided.

the implementations under b) we propose the dyadic operators with right

and vec a and

ame left operand fk(X)

JAcSuM | struct (scal a,8,x) | pp'P

3EGSUM | struct (scal o,x) Cﬁa)

CHESUM (see previous paragraph)
TSJSUM | scal x Uy

LEGSUM | scal x Py

LAGSUM | struct (scal a,X) Lﬁa)

HERSUM scal x Hk




cerature
itschi, W. (1968): Algorithm 331, Gaussian Quadrature formulas, Comm.
1, 11.

! Two dimensional IDFT

: computational problem is

n-1 n-1
W]:p w[’q,

n Prq=0,1,---,n—1

a.
£=0 k=0 Xt

.ch can be dealt with:

for g ton
do  CO6EXPSUM al ,qJod;
for p ton

do  COGEXPSUM alp, lod
re we assumed

ak,@ = a[l "Lk,l +/(,,] °

arks. |

enrici (1979;see introduction) mentions, that application of the DFT-ide
irect to a multi-dimensional structure is more efficient. For the two-
imensional case it is not clear, whether it is worth the possible more
omplicated and more time-consuming bookkeeping. Within the context of
he applications an improvement of 10 to 20% in speed is worthwhile.
arious authors mention the storage problems for large n.

wo dimensional Fourier transforms with data provided equidistant in the

he r,¢-plane are desired.

Operators for special matrix-times-vector products

this paragraph we consider representations of circulant and Toeplitz

rices.




sentat
handl
linea
for s
e work

c.s. (

ions,
ct our

matri

C(a) =

matrix

T(a) =
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roducts fast; and
e to consider the
* we have not found
ns although we are

‘arder (1977),




plitz matrix

>litz matrix




atrix

atrix
01 O
o 1,
8 '1 ’
1 '0
matrix
0 1
10

atrix (or IDFT-matrix)

11 .. .1
1 w . . wn_1
2.
. . ’ w=e




H(w)-matrix

H
%
S

\(a)-matrix: a diagonal matrix with diagonal elements

Aa) .. = (Wa),
11 1

W = nI
IS = DW
SW = WD
WS = W
IE = DW
W = WD

ISEq = ﬁ&} g a vector

JE = DW
W = WD
(a) = SN(SEa)s
1.
' = -1 D'a.
-1
'he number of operations of a W-matrix-times-vector is pj) ,» with

1= ﬂ(pi) if we apply FFT-like algorithms.
i
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latrix—-times-vector products

‘epresentation of a circulant in terms of W, and Toeplitz matrices in

» of circulants is given. Indicated is how the DFT can be used with

ict to the matrix-times-vector products. Applications to the multiplic-
. of polynomials are treated, where the treatment of the multiplication
'0 polynomials in the Chebyshev sum representation is possibly new. No
mentations are proposed, because the treatment of the solution of

¥ systems with Toeplitz matrices is not yet clarified. (For the
x-times-vector products a set of dyadic operators is a realistic

bility) .

. 1. (Eigensystem of circulant)

C(c) = n_lw A (C)W.

F. Multiplication of the eigensystem equation
Cv = Av

, yields for the j-th component

(WCv) , = (We). (Wv). = A(Wv) ..
3 3 3

e

solution of the transformed equation is

A = (Wc).
J

Wv = e (the j-th unit vector).
aquations for the eigensystem
CW = WA

the factorization




OREM 1. (Circulant times vector)

product can be represented by
-1 -
C(c)b = n  (W(A(c) (Wb))) .
OF. Apply the decomposition given in lemma

arks.

product of a rectangular circulant times

bove formula by padding the shorter of b a
circulant times vector is also called a c
ften denoted by

n-1

z c, .,.b,, 3=0,1,... and ¢, =
- k
i=0 I

MA 2. (Representation of an upper Triangul

a circulant and a diagonal similarity tran

N (a) = %{c(a) + D'C(a')D'}.

( a, .. .
-a ao e o o

N(a) = % %c(a) + . .
| —an_l. e o —al

h the decomposition of the second term

or can
'ith ze

r conv

plitz

tion o

tained by the

n and is

ager k.

. as a sum

rculant.)




1
a1 ao - |
—an_1 —alaO
\
a wa n-1
0 n-1 "~ ° - v
n-1 °
W w ay a
. . 0
w Qa . . . a -
n-1 n-1 0
ao 1
wl™ta
. ; 1
V= eﬁl/n and a' = R
wan__1

esult is obtained if we use the notation of 5.1.

k. The proof given above is constructive. Once t i known

direct proof can be given by evaluating the sum llants.

EM 2. (Upper triangular Toeplitz matrix times a -

N(a) b

L{c(a) + D'C(a")D'}b

{WA(a)Wb + D'WA(a')WD'b}/2n).

. Apply the decomposition given in lemma 2.




mark. For the calculation we need
Wb
WD'b
Wa (for A(a))
Wa' (for A(a')).

ROLLARY 1. (The coefficients of the product of two (balanced) polynomials

power sum representation).

E
n-1 n-1
Pn—l(X) = Z akxk and Q _1(x) = Z bkxk
k=0 n =0
2n
2(n-1) 5
Ry n-)® T B (0 Q) = ) 5%
j=0
th
/<4 () 0
€1 %0 1
“n-1 - e 1 % -1
a
“n %n-1 !
a
Conn. n-1
n-1 .
c.= ) ba ., j =0,1,...,2(n-1)
3 2o k3

*
th a. = a Ij=OI1Io--ln—1 andaj=0forj<0, j 2 n.
J
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alculation can be reduced to the upper triangular Toeplitz matrix times

r products

{c }2(0-D)

K n-1 = N(E a) b

{ck}g_1 = SN (SEa) (Sb).

2ctors in these products are related

E a with E Sa (E°S = SE)

b with Sb.

1@ calculation with a,b € Ifl some products with W can be written

m_a =. DWa;

- - —_— n
JE Sa = DWSa = Wa = Wa, for a € R ;
ib;

iISb = DWb = DWb, for b ¢ R,

ARY 2. (The coefficients of the product of two (balanced) polynomials

sbyshev sum representation).

n-1 n-1
An_l(x) = Z kak(x) and Bn—l(x) . z qka(x)
=0 k=0
2(n-1) 2(n-1) n-1
C = =
2(ne1) ¥ kzo £ T (x) = 3 kZO c, Ty (x) + kzo (a

k

+bk)Tk(x)}




1 9 9 P,
cn—1 q,‘n—l ql pn—l/
°n -1
€2(n-1)"
=1

qj—kpk' hy1l,...,2(n-1
ao qn—l qo \ '
a qn—l °

I o
d..,P, J1,...,n-1,
3
-0 j+k k
. /
0 9% 9 -1 Py
by 99 p

B O 01 °
Pn-1 \ %o \ Pt /




~ nil q* b n
k=0 Ik g
ectors with asteri

S.

n-1

Y DT (x)
-0 k'k

n-1 n-1

k=0 £=0

irst term can be r

2(n-1) n-1

Y (1 «

j=0 k=0
econd term can be
n—% n-1 %
) 944
j=0 k=0

hird term can be r

n—} n-1 N
I' (1
j=0 £=0
k.
alculation can be
2(n-1)
9

}n—l

leydo

a =

b =

k U’

ote th

Ty (%)

,+£(X)

nted b

T, (x).
j

ented

(x) or

nted b

(x) or

=0,1,...,n-1;

ors without asteri

;1 n-1

‘ p, a,{T  ,(x)
0 f=0 K% k+L

nol
sz P2y (¥) +
n-1

TR

titution of j = k+

stitution of j = £
n-1

L o P
k=0 J+n—1—k n-1-k

titution of j = k-

n-1 N
ZO qt—jPZ)Tj(X)'




1in the vectors in these products are related

E g with SEq

jo) with Sp.

n
r the calculation with p,g € R some products w:

WE g = DWg

WSEq = DWEqgq = Wqg
WSq = DWg.

A 3., (representation of a Toeplitz matrix as a

d a diagonal similarity transformation of a circ

T(t) = C((t+E St )/2) - D'C((t-E st )'/

OCF,
R o
1 %o
T(t) = :
. t_,
t
tn—l st 0
to t_1 s s e t—(n—l)
% .
= Cc(t)+ B -
O | t_1
‘0

= C(t) + Y(u) - N(t)

can be

rence

nt
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%o
“-(n-1)
u = . = E St .
£
/
:he representation of an upper triangular Toeplitz matrix in 2,
re
c(t) - N(t) = c(t) - %{c(t) + D'C(t")D"}

L{c(t) - D'C(t')D'}.

‘ore,

T(t) = %{c(t) - D'C(t")D'} +

1

L{C(E ~ st,) + D'C((E st )")D'}

Il

C((t+E St )/2) - D'C((t-E St )'/2)D".

t. A band Toeplitz matrix with u upper and £ lower codiagona:
1) can be represented by the sum of a circulant of order n a1 wer

jular Toeplitz matrix of order u and an upper triangular Toei

¢ of order L.

iM 3. (Toeplitz matrix times vector)

T(t)b = {WA(t+E St_)Wb - D'WA((t-E St_,) ")WD'b}/(2n).

the factorization of a circulant as given in lemma 1 to the lants

by

> representation of a Toeplitz matrix as given in lemma 3.




arks.
or the calculation we need

Wb = Wb for b € an

WD'b = WD'b, for b € R"

W(t+E St ) = W(L+E St), fort, t_e R
W((t-E St )') = W((t-E St_)").

. Hankel matrix times vector can be reduced to the above case because
H = ST.
ligh speed convolution (correlation) is merely a Toeplitz(Hankel)-matrix-

:imes-vector product via the above factorizations.

} Solution of linear systems

theorems in this paragraph handle the possibility to obtain the sol-

on fast; exceptional cases and algorithmic details are not yet available

OREM 4. (Solution of a linear system with a circulant as matrix)
_1 -1 -
C(c)x =b e x=n WA "(c)(Wb)).

vided A(c) is not singular.

OF. From theorem 1 we have
C(e)x = n_lwA(c)ﬁx =Db
therefore
X = n—lwA_l(c)ﬁb.
arks

ierg (1975) proposed to use the easy solution of a linear system with a

‘irculant matrix C, for a general linear system with matrix A, by

jplitting




1
Ax = Db ¢=>xk+1 =C b+ 2C ka,

le™ipl < 1.

iteration can be modified for singular C.
ording to regular splittings a wealth of literature ha

. Berman & Plemmons (1974) and Neumann (1976).

EM 5. (Solution of a linear system with an upper trian

X) .

olution of a linear system

q X b
V@x=be> (gl () = ()
) b,

ecursively be reduced to the solution of smaller syste

ture and Toeplitz-matrix-times-vector products.
. Partitioning of N yields the result.

ks.

normal back substitution

2,3,...,n-1
es
O(n2) operations.
problem of theorem 5 occurs by polynomial division as

m corollary 1 (and 2 with a rank one update)

ermine b, say, from

ged, s

Toepli

the sa

e seen




- _ 2(n-1
N(E a) b = {ck}n__1

The problem of theorem 5 occur
upper triangular Toeplitz matr

triangular Toeplitz matrix (Ku

Wa)x = e(n) = Y(a

Theorem 5 gives the general id

the details of the implementat
EOREM 6. (Solution of a linear
lower and u upper codiagonals,

e solution of a band Toeplitz
d u upper codiagonals (£+u<n)
£+u equations, provided the c
OOF .

e band Toeplitz matrix

n be split into

he det
cause

73; th

x) =1

how to

e not

m with

(1975)

of eq
e redu

nt is

tion of the inverse of an
verse is again an upper

2.3), Derr (1971))

this system of equations;

rked out.
d Toeplitz matrix with
s with £ lower codiagonals

+ the solution of a system

r.




.near equations

Tx = b
» split into
- .
(C—(B ))x = b,

r regular C - the above given circulant -

call

- N
x = ( N )X (a function of x1,...,x

ve arrive at the £+u system of equations

1

X - (c " %), = (c"lb)k, k=1,...,u, and n-£+1,...,n.

. k

u Fn-L+1

re X )
n




e resulting components are obtained from

X, = (C_l(b+§))k, k = u+l,...,n-2.
amarks.

The above technique is of considerable importance for block band Toeplitz
matrices, as arise from discretization of partial differential equations,
e.g. the Poisson equation.

Henrici (1979) considers a more dimensional circular convolution, and

its properties under the DFT analogous to the one-dimensional convolution,
as the central point. Two-dimensional recurrence relations with constant
coefficients and block band Toeplitz matrices are particular cases of a
two-dimensional convolution, and by a proper extension circular convol-
utions (this last aspect simplifies the problem of inversion and is
"given" by the problem).

On the other hand it is interesting to consider a block Toeplitz matrix
and to think of solutions of a Toeplitz system of equations where the
elements are again Toeplitz matricés, so the multiplication and 'divis-

ion' are performed on operands of type Toeplitz matrix and vector.
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onsideration of the Winograd technique for the improvement of the DFT.

alculation of

n-1
A = ) a, exp(-2mik{/n), k

0,1,...,n-1

n prime, can be reduced to

n-1
A -ag = Kfl a, exp(-2mik€/n), k

Il

1,2,...,n-1.

se n is prime, the numbers 1,2,...,n-1 form a cyclic group with g as
tive root, say (Rbramowitz & Stegun, p. 827). Therefore a permutation

2 summation, with notation ((x)) = x modulo n,

k
k> ((g))

Ul




_ . 24k
BUd ™0 T 4L, a((ghy) exp(-2mig" /n)

‘te that ((gn’l)) = go .)

.s summation is a circular correlation of size n-1; this circulant-times-

‘tor can be calculated via theorem 1 (with A precomputed).

‘hough we consider this the principle of the Winograd technique it re-
.res some more detailed study, whether this is the Winograd technique or
.; the necessity of modification of CO6FFT depends on the relation between

:rease of the bookkeeping and lower intrinsic computational complexity.
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